Abstract. In this paper, we study the parametric well-posedness for vector equilibrium problems and propose a generalized well-posed concept for equilibrium problems with equilibrium constraints (EPEC in short) in topological vector spaces setting. We show that under suitable conditions, the well-posedness defined by approximating solution nets is equivalent to the upper semicontinuity of the solution mapping of perturbed problems. Further, since optimization problems and variational inequality problems are special cases of equilibrium problems, related variational problems can be adopted under some equivalent conditions. Finally, we also study the relationship between well-posedness and parametric well-posedness.
with equilibrium constraints problems (MPEC for short) where the equilibrium constraints were generated by variational inequalities. In [18] Mordukhovich studied an equilibrium problem with equilibrium constraints problem (EPEC for short) which includes the MPEC problem as a special case. In this paper, we present some notions of parametric well-posedness for a family of vector equilibrium problems which can be reduced to vector optimization problems and vector variational inequality problems. As an application, we introduce some concepts of well-posedness for a vector EPEC problem (or called a two-level vector equilibrium problem). We also consider the existence of solutions for vector EPEC problem.
Let X be a real Hausdorff topological vector space and X a nonempty subset of X. Let Z be a real topological vector space with a solid pointed convex cone C ⊂ Z and {θ Z } a zero vector in Z. Let Γ be (index set) nonempty subset of a Hausdorff topological space. Suppose that f : Γ×X ×X → Z is a parameterized vector-valued function. We consider the following parametric vector equilibrium problem VEP p : for given p ∈ Γ, (VEP p ) find x ∈ X such that f (p, x, y) / ∈ −int C for all y ∈ X.
For any set K of a topological space, we let int K, cl K and K c denote the topological interior, closure and complement of K, respectively. The solution mapping S(p) of VEP p is a set-valued mapping from Γ to 2 X defined by S(p) = {x ∈ X : f (p, x, y) / ∈ −int C, for all y ∈ X}.
If for p ∈ Γ, the value of f (p, x, y) is independent of p, then the problem VEP p reduces to an ordinary vector equilibrium problem.
Preliminaries.
We recall the cone-convexity of vector-valued functions. Let X be a vector space and Z also a vector space with a partial ordering defined by a pointed convex cone C. Suppose that K is a convex subset of X and that f is a vector-valued function from K to Z. The mapping f is said to be C-convex on K if for each x 1 , x 2 ∈ K and λ ∈ [0, 1], we have λf (x 1 ) + (1 − λ)f (x 2 ) ∈ f (λx 1 + (1 − λ)x 2 ) + C.
As a special case, if Z = R and C = R + then C-convexity reduces to the ordinary convexity.
Definition 2.1 (C-quasiconvexity, [6] ). Let X be a vector space and Z also a vector space with a partial ordering defined by a pointed convex cone C. Suppose that K is a convex subset of X and that f is a vector-valued function from K to Z. Then, f is said to be strictly C-quasiconvex on K if for each x 1 , x 2 ∈ K, x 1 = x 2 , and λ ∈ (0, 1), then
where C(f (x 1 ), f (x 2 )) is the set of upper bounds of f (x 1 ) and f (x 2 ), i.e.,
Definition 2.2 (C-proper quasiconvexity, [6] ). Let X be a vector space, and Z also a vector space with a partial ordering defined by a pointed convex cone C. Suppose that K is a convex subset of X and that f is a vector-valued function from K to Z. Then, f is said to be C-properly quasiconvex on K if for every x 1 , x 2 ∈ K and λ ∈ [0, 1] we have either
f is said to be strictly C-properly quasiconvex on K if for every x 1 , x 2 ∈ K, x 1 = x 2 and λ ∈ (0, 1) we have either
Remark 1. For a real-valued function, ordinary quasiconvex function is also properly quasiconvex.
Example 1. Let g be a real-valued function from R 2 to R defined by
Then by the strict convexity of g, we have
Thus h is strictly C-properly quasiconvex on R 2 .
Definition 2.3 (C-continuity, [17] ). Let X be a topological space, and Z a topological vector space with a partial ordering defined by a solid pointed convex cone C. Suppose that f is a vector-valued function from X to Z. Then, f is said to be C-continuous at x ∈ X if it satisfies one of the following two equivalent conditions:
Moreover, a vector-valued function f is said to be C-continuous on X if f is Ccontinuous at every x on X.
Remark 2. Whenever Z = R and C = R + , C-continuity and (−C)-continuity are the same as ordinary lower and upper semicontinuity, respectively.
Definition 2.4 (see [1] ). Let X and Y be two topological spaces and T : X → 2 Y a set-valued mapping.
(i) T is said to be upper semicontinuous (u.s.c. for short) at x ∈ X if for each open set V containing T (x), there is an open set U containing x such that for each z ∈ U, T (z) ⊂ V ; T is said to be u.s.c. on X if it is u.s.c. at all x ∈ X, and also T (x) is compact for all x ∈ X.
(ii) T is said to be lower semicontinuous (l.s.c. for short) at x ∈ X if for each open set V with T (x) ∩ V = ∅, there is an open set U containing x such that for each z ∈ U, T (z) ∩ V = ∅; T is said to be l.s.c. on X if it is l.s.c. at all x ∈ X. (iii) T is said to be continuous at x ∈ X if T is both u.s.c. and l.s.c. at x; T is said to be continuous on X if it is both u.s.c. and l.s.c. at each x ∈ X. Y . Suppose that T (x) is compact at x ∈ X. Then T is u.s.c. at x ∈ X if and only if for any nets {x µ } ⊂ X with x µ → x and {y µ } ⊂ Y with y µ ∈ T (x µ ), there exists a subnet {y ν } ⊂ {y µ } such that y ν → y for some y ∈ T (x). Definition 2.6 (KKM-map). Let X be a topological vector space, and K a nonempty subset of X. Suppose that F is a set-valued mapping from K to 2 X . Then, F is said to be a KKM-map, if
for each finite subset {x 1 , . . . , x n } of X.
Lemma 2.7 (Fan-KKM; see [5] ). Let X be a Hausdorff topological vector space, and K a nonempty subset of X; and let G be a set-valued mapping from K to 2 X . Suppose that G is a KKM-map and that G(x) is a closed subset of X for each Definition 3.1. Let p ∈ Γ and {p λ } ⊂ Γ be a net converging to p. A net {x λ } ⊂ X is said to be an approximating net for VEP p corresponding to {p λ } iff there exists a net {ε λ } ⊂ int C converging to θ Z such that
Definition 3.2. The family {VEP p : p ∈ Γ} is said to be parametrically well-posed iff: (i) the solution set S(p) of VEP p is nonempty for all p ∈ Γ; (ii) for given p ∈ Γ and {p λ } ⊂ Γ with p λ → p, every approximating net for VEP p corresponding to {p λ } has a subnet converging to some point of S(p).
As a special case, we can consider the following.
Definition 3.3. The family {VEP p : p ∈ Γ} is said to be parametrically uniquely well-posed iff:
(i) there exists a unique solution x p to VEP p for all p ∈ P ; (ii) for given p ∈ Γ and {p λ } ⊂ Γ with p λ → p, every approximating net for VEP p corresponding to {p λ } converges to x p .
Let Π be the set-valued mapping from Γ × (int C ∪ {θ Z }) to 2 X defined by
i.e., Π(p, ε) is an ε-solution set of VEP p .
Proposition 3. Let X be a nonempty compact subset of a real Hausdorff topological vector space, Γ a nonempty subset of a Hausdorff topological space. Let Z be a real Hausdorff topological vector space with a solid pointed convex cone C ⊂ Z. Suppose that f is vector-valued function from Γ × X × X to Z and that S and Π are two set-valued mappings defined by (1) and (2), respectively. Assume the following conditions:
Proof. Let p ∈ Γ. Suppose to the contrary that for any neighborhood P of p, there is p α ∈ P such that
Then there is x α ∈ S(p α ) ∩ V c for all α. Since X is compact, without loss of generality, we assume x α → x for some x ∈ X ∩ V c . Hence
By (i),
On the other hand, from x α ∈ S(p α ), we have
This contradicts ( * ). Hence S is u.s.c. on Γ.
In [7] Bednarczuk first defines the well-posedness as upper semicontinuity of its ε-solution mapping at θ Z whenever there exists at least one solution. We will discuss the concept for VEP p as follows.
Lemma 3.4. Let X be a nonempty subset of a real Hausdorff topological vector space, Γ a nonempty subset of a Hausdorff topological space. Let Z be a real Hausdorff topological vector space with a solid pointed convex cone C ⊂ Z. Suppose that f is a vector-valued function from Γ × X × X to Z. Assume that S(p) is nonempty compact for each p ∈ Γ. Then the family {VEP p : p ∈ Γ} is parametrically wellposed iff Π is u.s.c. at (p, θ Z ) for each p ∈ Γ.
Proof. Suppose Π is u.s.c. at (p, θ Z ). Note that Π(p, θ Z ) = S(p) is compact. By Lemma 2.5, for each {p λ } ⊂ Γ with p λ → p, {ε λ } ⊂ int C ∪ {θ Z } with ε λ → θ Z and {x λ } ⊂ X with x λ ∈ Π(p λ , ε λ ) we have {x µ } ⊂ {x λ } such that x µ → x for some x ∈ S(p). Hence for each {p λ } ⊂ Γ with p λ → p, every approximating net for VEP p corresponding to {p λ } has a subnet converging to some point of S(p). Therefore the family {VEP p : p ∈ Γ} is parametrically well-posed.
Conversely, suppose that the family {VEP p : p ∈ Γ} is parametrically well-posed. Let {p λ } ⊂ Γ with p λ → p, {ε λ } ⊂ int C ∪ {θ Z } with ε λ → θ Z and {x λ } ⊂ X with x λ ∈ Π(p λ , ε λ ). Then {x λ } is an approximating net for VEP p corresponding to {p λ }. Hence x λ → x for some x ∈ S(p). Therefore by Lemma 2.5, Π is u.s.c. at (p, θ Z ).
Theorem 3.5. [10, 12] Let X be a nonempty compact convex subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a nonempty set. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
Then the problem VEP p has at least one solution for each p ∈ Γ. Lemma 3.6. Let X be a nonempty compact convex subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a nonempty set. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
(i) for each p ∈ Γ there exists y p ∈ X such that f (p, x, y p ) ∈ −int C, for all x ∈ X \ {y p };
(ii) for each p ∈ Γ, S(p) = ∅. Then the problem VEP p has a unique solution for each p ∈ Γ.
Proof. By condition (i), every y ∈ X \ {y p } cannot be an element of S(p) for each p ∈ Γ. By condition (ii), S(p) = ∅ for each p ∈ Γ. Therefore, y p ∈ S(p) and y / ∈ S(p) for all y ∈ X \ {y p }. Thus the problem VEP p has a unique solution for each p ∈ Γ.
Then f satisfies conditions (i) and (ii) of Lemma 3.6. Hence for each p ∈ Γ the problem VEP p has a unique solution. Indeed, for each p ∈ Γ, S(p) = {p}.
Lemma 3.7.
[11] Let K and E be nonempty compact convex sets in two real topological vector spaces, respectively, and Z also a topological vector space with a partial ordering defined by a solid pointed convex cone C. If a vector-valued function f : K × E → Z satisfies conditions (i) and (ii) or (i) ′ and (ii) ′ , where (i) f (·, y) is C-continuous and C-quasiconvex on K for every y ∈ E,
Moreover, (x, y) ∈ K × E is said to be C-saddle point of f on K × E if it satisfies the equations (3).
Example 3. Let g be a real-valued function from R 2 to R defined by
and
Then f satisfies the conditions (i) and (ii) of Lemma 3.7. Hence it has at least one C-saddle point on K × E. In fact, (1, 0) ∈ K × E is a C-saddle point of f on K × E.
Lemma 3.8. Let X be a nonempty compact convex subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a nonempty set. Suppose that g is a vector-valued function from X to Z. Assume that g is strictly (−C)-properly quasiconvex, (−C)-continuous on X, and g(x) / ∈ g(x) − int C for somex andx ∈ X satisfyingx =x.
Proof. Since g is strictly (−C)-properly quasiconvex on X, we have
Therefore we can choose x ′ ∈ U ∩ {u ∈ X : u = µx Theorem 3.9. Let X be a nonempty compact convex subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a nonempty set. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) = θ Z for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
is (−C)-continuous and strictly (−C)-properly quasiconvex on X for each p ∈ Γ and y ∈ X; (ii) f (p, x, ·) is C-continuous and C-quasiconvex on X for each p ∈ Γ and x ∈ X. Then the problem VEP p has a unique solution for each p ∈ Γ.
Proof. Let p ∈ Γ. Then by Lemma 3.7, there exists (x, y) ∈ X × X such that
By (4), we have
Hence by Lemma 3.8, there exists x ′ ∈ X such that
which contradicts to (6) . Thus f (p, x, y) = θ Z . Suppose x = y. Then f (p, y, y) = θ Z and by Lemma 3.8, there exists x ′ ∈ X such that
This contradicts to (6) . Thus x = y =:x. Then by (5), we have
i.e., f (p,x, v) / ∈ −int C, for all v ∈ X. Thereforex ∈ S(p). Thus S(p) = ∅ for each p ∈ Γ. By (6), we have
Therefore by Lemma 3.8, we have
Thus by Lemma 3.6, {x} = S(p), i.e., VEP p has a unique solution.
Lemma 3.10.
[12] Let X be a nonempty compact subset of a real Hausdorff topological vector space and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a topological space. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X and Ω : Γ → 2 X is a set-valued mapping defined by
Also we assume the following conditions:
Then Ω is u.s.c. on Γ.
Theorem 3.11. Let X be a nonempty compact convex subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be a topological space. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) = θ Z for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
(ii) f (p, ·, y) is strictly (−C)-properly quasiconvex on X for each p ∈ Γ and y ∈ X; (iii) f (p, x, ·) is C-continuous and C-quasiconvex on X for each p ∈ Γ and x ∈ X. Then {VEP p : p ∈ Γ} is parametrically uniquely well-posed.
Proof. By Theorem 3.9, VEP p has a unique solution x p for all p ∈ Γ. Note that for each y ∈ X the map (p, ε,
Hence by Lemma 3.10, Π is u.s.c. on Γ × (int C ∪ {θ Z }). Clearly S(p) is compact for each p ∈ Γ. Therefore by Lemma 3.4, {VEP p : p ∈ Γ} is parametrically uniquely well-posed.
Corollary 1. Let X be a nonempty compact subset of a real Hausdorff topological vector space X, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Let Γ be nonempty subset of Hausdorff space. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
(ii) S(p) = ∅ for each p ∈ Γ. Then {VEP p : p ∈ Γ} is parametrically well-posed.
Proof. By Lemma 3.10, Π is u.s.c. on Γ × (int C ∪ {θ Z }). By condition (i), S(p) is closed for each p ∈ Γ. Since X is compact, S(p) is compact for each p ∈ Γ. Therefore by Lemma 3.4, {VEP p : p ∈ Γ} is parametrically well-posed.
4.
Well-posedness for vector equilibrium problem with vector equilibrium constraint. Let W be a topological vector space with a solid pointed convex cone D. In this section, we investigate the well-posedness of the following vector equilibrium problems with vector equilibrium constraints (EPEC for short):
where S is the solution map of the vector equilibrium problem VEP p , i.e.,
We use the notation Y = Γ × X for the mapping F in the rest of the paper, where
As an application, if we choose F (x,ŷ) = G(ŷ) − G(x), then EPEC is reduced to the following mathematical programs with equilibrium constraints (MPEC for short): y) . Furthermore, if we consider p ∈ Γ fixed and let G ′ (x, y) = F ((p, x), (p, y)) for each p ∈ Γ, then EPEC reduces to the following 
We define the following solution mapping Ψ :
An element of Ψ(ε) is called an ε-solution of (EPEC). Similarly, we can choose
, the space of all continuous linear operators from X to Z. Then the parametric vector equilibrium problems reduce to the parametric vector optimization problems and vector varitational inequality problems, respectively.
Definition 4.1. A net {x µ } ⊂ Γ × X is said to be an approximating net for EPEC iff: there exists {ε µ } ⊂ int D with ε µ → θ W such that
where S : Γ → 2 X is an equilibrium constraint.
Definition 4.2. EPEC is said to be well-posed iff: (i) EPEC has at least one solution x ∈ Gr(S); (ii) every approximating net for EPEC has a subnet convergent to x ∈ Gr(S) which is a solution of EPEC.
Definition 4.3. EPEC is said to be uniquely well-posed iff: (i) EPEC has a unique solution x ∈ Gr(S); (ii) every approximating net for EPEC converges to x ∈ Gr(S).
Theorem 4.4. Let X and Γ be two nonempty compact subsets of a real Hausdorff topological vector space and a Hausdorff space, respectively. Let W be a real topological vector space with solid pointed convex cone D ⊂ W . Suppose that F is a vector-valued function from Y × Y to W . Also we assume the following conditions:
Then EPEC is well-posed.
Proof. Let {x λ } ⊂ Γ × X be an approximating net for EPEC. By the compactness of X, there exist a pointx and a subnet {x µ } such that
Suppose to the contrary thatx = (p, x) in (7) is not a solution of EPEC. Then there existsŷ ∈ Y such that
orx / ∈ Gr(S). In the later case, there exists y ∈ X such that f (p, x, y) ∈ −int C. Hence by the condition (v) , for (p, y) =ŷ ∈ Y we have
Hence by conditions (ii) and (iii), there exists a neighborhood U ofx such that
In the former case, we also have (7) . Moreover (7) contradicts to the fact that {x µ } is an approximating net for EPEC and x µ →x. Thereforex is a solution of EPEC. Thus EPEC is well-posed.
Remark 4. Sometimes the condition (v) is important. Without it,x in (7) may converge to some point outside Gr(S). We take an example to illustrate as follows.
Then there is an approximating net {x µ } with x µ → x = 2 but 2 / ∈ Gr(S). Then we have x = 2 not belonging to Gr(S).
Corollary 2. Let X and Γ be two nonempty compact subsets of a real Hausdorff topological vector space and a Hausdorff space, respectively. Let W be a real topological vector spaces with solid pointed convex cones D ⊂ W . Suppose that F is a vector-valued function from Y × Y to W . Also we assume the following conditions:
Then EPEC is uniquely well-posed.
The existence of EPEC for the well-posedness of EPEC is important. We will study the existence of EPEC as follows.
Lemma 4.5. [10, Proposition 1 and Theorem 3] Let X and Γ be two nonempty compact convex and nonempty compact subsets of two real Hausdorff topological vector spaces, respectively, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
is C-quasiconvex on X for each p ∈ Γ and x ∈ X, and f (p, x, x) / ∈ −int C for each p ∈ Γ and x ∈ X.
Then S(p) is nonempty for each p ∈ Γ and Gr(S) is compact. Corollary 4. Let X and Γ be two nonempty convex subsets of two real Hausdorff topological vector spaces, respectively, and W a real topological vector space with a solid pointed convex cone C ⊂ Z. Suppose that F is a vector-valued function from Y × Y to W with F (x, x) / ∈ −int D for all x ∈ Y . Also we assume the following conditions:
(i) S(p) is nonempty for each p ∈ Γ; (ii) Gr(S) is nonempty, compact and convex;
Then EPEC has at least one solution.
Proof. By conditions (i), (ii) and (iii), we have (I) Gr(S) is nonempty, compact and convex; (II) F (·, y) is (−D)-continuous on Gr(S) for each y ∈ Gr(S); (III) F (x, ·) is D-quasiconvex on Gr(S) for each x ∈ Gr(S). Thus by Corollary 3, EPEC has at least one solution.
Lemma 4.6. Let X and Γ be two nonempty convex subsets of two real Hausdorff topological vector spaces, respectively, and Z a real topological vector space with a solid pointed convex cone C ⊂ Z. Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
In the following, we consider the EPEC problem governed by parametric vector equilibrium problems. Let S be the solution mapping defined by (1).
Theorem 4.7. Let X and Γ be two nonempty compact convex subsets of two real Hausdorff topological vector spaces, respectively; let Z and W be two real topological vector spaces with solid pointed convex cones C ⊂ Z and D ⊂ W , respectively. Suppose that F is a vector-valued function from Y × Y to W with F (x, x) = θ W for all x ∈ Y . Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
(i) F (·, y) is (−D)-continuous on Γ × X for each y ∈ Y ;
Proof. By conditions (iv), (v) and Theorem 3.5, S(p) = ∅ for each p ∈ Γ and Gr(S) is compact. In addition, by Lemma 4.6, Gr(S) is convex. Hence by conditions (i) and (ii) , EPEC has an unique solution. The remaining part of the proof is the same as Theorem 4.7 and will be omitted.
Finally, we will investigate the relationship between the well-posedness for EPECs and the parametric well-posedness for parametric vector equilibium problems. Theorem 4.9. Let X and Γ be two nonempty compact subsets of a real Hausdorff topological vector space and a Hausdorff space, respectively. Let Z and W be two real topological vector spaces with solid pointed convex cones C ⊂ Z and D ⊂ W , respectively. Suppose that F is a vector-valued function from Y × Y to W with F (x, x) = θ W for all x ∈ Y . Suppose that f is a vector-valued function from Γ × X × X to Z with f (p, x, x) / ∈ −int C for all p ∈ Γ and x ∈ X. Also we assume the following conditions:
(i) S(p) is nonempty compact for each p ∈ Γ;
(ii) F (·, y) is (−D)-continuous on Y for each y ∈ Y ; (iii) for each (p, x, y) ∈ Γ × X × X with f (p, x, y) ∈ −int C, it holds that F ((p, x), (p, y)) ∈ −int D; (iv) EPEC has at least one solution; (v) the family VEP p is parametric well-posed. Then EPEC is well-posed.
Proof. By the compactness of Γ, X and S(p) for each p ∈ Γ as well as condition (iv) , Gr(S) is compact. Hence by Theorem 4.4, EPEC is well-posed. Let f : Γ × X × X → R be defined by, for each p ∈ Γ f (p, x, y) = g(y) − g(x).
Also we suppose that G : Γ × X → R is defined by Clearly we have Gr(S) = {p} × {0} and there is some net which converges to (p, 1) but (p, 1) / ∈ Gr(S), where S is the solutions mapping of lower level problem. Note that since F is continuous on Γ × X, Γ × X is compact, Gr(S) is compact. So EPEC is well-posed but VEP p is not parametrically well-posed.
